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Abstract
The second hyperpolarizability (γ) of carbon disulfide (CS2) was measured by gas phase
electric-field-induced second harmonic generation (ESHG), for laser wavelengths in the range
of 765-1064 nm. The observed hyperpolarizability is decomposed into electronic (γe) and
vibrational (γv) contributions, and the dispersion curve for γe is extrapolated to the static
limit, with the result γe0 = 12558 ± 93 atomic units. The results of this experiment agree
with other recent nonlinear optical measurements and theoretical calculations.
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1 Nonlinear Optics and Carbon Disulfide
1.1 Introduction
Carbon disulfide (CS2), as a chemical compound, is a non-polar molecule with a linear geo-
metric shape. As an optical material, CS2 is a textbook example for many nonlinear optical
(NLO) processes [1]. In particular, liquid CS2 is used in applications for systems involving
optical switching [2], slow light [3], ultrafast time-resolved imaging [4], or as a reference
material for experiments such as those measuring NLO properties of metal complexes [5]
or benzene containing polymers[6, 7]. However, the NLO response of CS2 has a complicated
dependence on time, frequency and polarization [8, 9], and so, using it as a reference becomes
a problem.
There have been several experiments and theoretical calculations that have attempted to
determine the molecular hyperpolarizability of CS2. Of note, one of the oldest experiments
on record belongs to M.P. Bogaard et. al. which uses the DC Kerr effect on gas phase
CS2 to measure molecular hyperpolarizability [10]. Later, B. F. Levine and C. G. Bethea
applied electric-field-induced second harmonic generation (ESHG) techniques on liquid CS2
and obtained results three times lower than those of the gas phase Kerr effect [11]. These
experiments are followed by several theoretical calculations by individuals like G. Maroulis or
B. Champagne [12, 13] and groups like K. Ohta et. al. and W. Li et al.[14, 15] which noticeably
disagree with those early experiments. Recent experiments using a beam deflection technique
have extracted absolute values of gamma in both the gas [16, 17] and liquid phase [8, 18] of
CS2. These newer results disagree with the earliest experimental results and come close to
the theoretical calculations. Table 1 compiles the experiments and calculations mentioned
above.
A critical comparison of these various results is difficult because of the complicated fre-
quency dependence of gamma. The most accurate theoretical calculations are made for zero
frequency, but direct experimental measurements are not possible at zero frequency. Calcula-
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Table 1: A chronological tabulation of results for the hyperpolarizability of Carbon
Disulfide.
Type of result Wavelength Result Date Reference
Gas DC Kerr Expt. 632.8 nm 114000 au 1970 [10]
Liquid ESHG Expt. 1064 nm 38000 au 1975 [11]
SCF Calc. ∞ 10520 au 1992 [13]]
CCSD(T) Calc. ∞ 14700 au 1997 [14]
Moller-Plesset Calc. ∞ 12258 au 1998 [12]
CCSD Calc. ∞ 12010 au 2012 [15]
Beam Deflection (Liquid) 800 nm, 650 nm 16400 au 2014 [8]
Beam Deflection (Gas) 1250 nm, 950 nm 18300 au 2015 [16]
The table above tracks some of the experiments and calculations for the second hy-
perpolarizability of CS2. Due to the different frequencies and processes explored, a
critical comparison of the above values is difficult.
tions at a lower level of theory have been done for non-zero frequency, but these calculations
only include the electronic contributions, whereas the experimental measurements include
both electronic and vibrational contributions with quite different frequency dependence. Ex-
periments are done in either gas or liquid phase, usually at a single laser frequency. However,
there is no common condition for comparing all the experiments and calculations.
The primary objective of this thesis is to make measurements of gamma for CS2 with
high accuracy using the technique of gas phase ESHG with periodic phase matching, over
a range of wavelengths, to produce a dispersion curve. The dispersion curve that will be
determined by this experiment will give the total second hyperpolarizability for the process
of ESHG composed of electronic and vibrational contributions of the form: γ = γe + γv. The
primary focus will be on describing the experiment and the methods of analysis applied to
the data collected. Then, the experimental dispersion curve will be combined with the results
of recent theoretical calculations to separate the electronic and vibrational contributions to
the hyperpolarizability. The results of this thesis will then be compared to the experimental
measurements and theoretical calculations mentioned in this introduction.
2
1.2 Nonlinear Optics
In order to discuss the contents of this thesis, it is necessary to have a basic understanding of
the hyperpolarizability and the variables that determine its effects. This requires an approach
that can describe non-linear optics in both a classical and quantum mechanical way in order
to grasp some of the nuance involved.
Classically, the interaction between a molecule and light can be summarized by a dipole
interaction where the electric field of the light couples with the molecule inducing a time-
dependent polarization in the molecule [1]. This interaction can be expressed as a Taylor
series expansion of the electric dipole moment µ induced by the electric field Ej
µi = µ
(0)






γijklEjEkEl + ..., (1)
where µi indicates a cartesian component of the total induced dipole moment and µ
(0)
i is the
permanent dipole moment of the molecule prior to perturbation by the electric field. The
terms αij, βijk and γijkl are the polarizability, first hyperpolarizability and second hyper-
polarizability of the molecule being affected by the applied electric fields. Those terms are
tensors with values that depend on the composition of the molecule. Normally, terms after
αij are negligible when considering weak electric fields from unfocused sources of light like
the sun. However, as the field strength approaches the strength of atomic coupling (≈ 1011
V/m) the effects of the higher terms become appreciable and the phenomena caused by their
inclusion are measurable.
Carbon disulfide, being a centrosymmetric molecule, has no permanent dipole moment
and no first hyperpolarizability; therefore, the nonlinear response of this specific molecule
is dominated by the second hyperpolarizability γ. This response is generated by the elec-
tronic, vibrational and rotational motion of the molecule and, similar to polarizability, de-
pends on the frequency of the light fields applied. This dispersion can be summarized as
γijkl(−νσ; ν1, ν2, ν3), where νσ is the sum of the applied frequencies ν1, ν2 and ν3 while the
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set {i, j, k, l} picks out any one specific component of the γ tensor.
The frequencies that are applied can all come from the same source, or be a combination
of different sources (like laser beams from different lasers). Applying different combinations
of the frequencies determines different processes that can be observed. For example, the
case where ν1 = ν2 = ν3 = ν generated from the same source interact with a molecule to
gives νσ = 3ν and γ(−3ν; ν, ν, ν) implying third harmonic generation in which one beam of
light generates a coaxial beam of thrice the frequency. Other popular processes include the
DC Kerr effect γ(−ν; ν, 0, 0) and degenerate four wave mixing γ(−ν; ν, ν,−ν); but the most
relevant for this experiment is that for electric-field-induced second harmonic generation
γ(−2ν; ν, ν, 0).
The hyperpolarizability can be separated into vibrational contributions and electronic
contributions such that γ = γe+γv. Although the above treatment gives a brief overview of γ,
it does not answer any questions about the intricate dependence of the hyperpolarizability on
the electronic response to incident light versus the dependence on the vibrational response.
This is addressed quantum mechanically with the perturbation theory approach [19]. In
perturbation theory, the general wavefunction solution to a time dependent hamiltonian






l (t) exp(−iωlt) |l〉 (2)
where a
(N)












In equation (3), ωml = ωm − ωl is the transition frequency from |m〉 to |l〉 and zeroth order
probability amplitude is a
(0)
l = δlg. Since we’re interested in the dipole approximation, the
perturbing function is V (t) = −µ̄ · Ē(t) must be applied to equation (3) in order to obtain
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E0(ωP ) exp(−iωP t) (4)
which makes the interaction hamiltonian
Vml(t) = 〈m|V (t) |l〉 = −
∑
P
µml · E0(ωP ) exp(−iωP t). (5)
To obtain an expression for the second hyperpolarizability the above interaction hamilto-
nian must be applied to equation (3) to obtain the appropriate probability amplitudes; then,
the perturbation method is applied to equation (1) to determine the third order perturbation
of µ. The result of following this methodology for a centrosymmetric molecule like CS2 is
described by the following off-resonance sum-over-states formula [20]




〈g|µi|m〉 〈m|µk|n〉 〈n|µl|p〉 〈p|µj|g〉




〈g|µi|m〉 〈m|µk|g〉 〈g|µl|n〉 〈n|µj|g〉




In this equation, |g〉 denotes the initial ground state and |m〉,|n〉 and |p〉 are either electronic
or vibrational states and the operation
∑
P−σ,1,2,3 indicates that the equation is a sum of
permutations of the active frequencies ν1, ν2, ν3 and νσ = ν1 + ν2 + ν3. The above equation
can be used to isolate the electronic, vibrational, and rotational contributions to γ by iden-
tifying and grouping the lowest resonance frequency for each term, and grouping the terms
according to whether the lowest resonance is at an electronic, vibrational or rotational tran-
sition frequency. Since CS2 is a centrosymmetric molecule the transitions 〈g|µα |m〉 vanish
by symmetry for transitions to states within the vibration-rotation manifold of the ground
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electronic state. This leaves only a portion of the first term of equation (6) to have any
impact on the vibrational contributions to γ expressed as



















where the vibrational resonances are denoted by νng [20].
In equation (7), the factor that appears in the first sum contains the vibrational resonance
denominator. The vibrational resonance denominator contains the difference with a pair of
the applied frequencies. The γv contribution will be resonantly enhanced for applied field
frequencies such that νng − ν1 − ν2 = 0, but will also be enhanced when pairs of the applied
fields frequencies sum to zero so that νng − ν1 − ν2 = νng. This is due to the fact that
vibrational frequencies are usually much smaller than optical frequencies νng << ν1, ν2. The
effect of resonant enhancement will be shown later in this thesis when comparisons are made
between the results of the experiment performed and other experimental results.
In contrast with the above analysis the contributions from the electronic interactions
with the field have been shown to be less precarious. Shelton and Rice have shown that for
any given process, the electronic hyperpolarizability below the first electronic resonance falls
on a single curve for atoms and molecules [21]. This curve was determined to be
γe‖(−νσ; ν1, ν2, ν3) = γe‖(0; 0, 0, 0) × (1 + Aν2L +Bν4L + Cν6L + ...), (8)
where γ|| implies that the applied static field and optical fields are polarized parallel to
each other. The model was first derived for atoms by both Shelton [22] and Bishop [23]
independently, then further expanded to molecules by Bishop and De Kee [24]. In this model,
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the independent variable ν2L is defined as the square sum of the input fields and the generated








σ. This model suggests that so long as the electronic contributions
are extracted from a process, all processes can be plotted on the same axis and will follow a
smooth curve. Since part of the objective of this thesis is to provide a basis of comparison
between experiments, the dispersion of CS2 found from the ESHG experiment that will




The requirements for measuring the hyperpolarizability dispersion of a gas are guided by the
successful assembly of a system that can carefully measure the second harmonic generation
of a gas cell. The first design consideration that comes up is in obtaining a gas phase second
harmonic signal (SHG) that is large enough to be measured while ascertaining the precision
and accuracy of the results. The experimental method of ESHG with periodic phase matching
is the chosen approach which has been described at length in various works [25] and used
frequently to determine the hyperpolarizabilities of many gases and their dispersions. The
general principle is that second harmonic light is generated by a laser beam in a gas sample
that is also exposed to a transverse, static electric field. The dc field breaks the symmetry
of the system under study and makes possible the generation of second harmonic light. This
chapter will detail some of the key points for second harmonic generation by this method,
describe the optical arrangement necessary and develop a method of making measurements.
2.1 Experimental Goal
Consider a Gaussian beam propagating in the z-direction focused onto the center of a cell
filled with a gas exposed to a transverse periodic static field given by
E(0)y (z) = E
(0)
0 cos (Kz). (9)

















where, r0 is the radius of the beam at the focus, nω is the refractive index and λω is the
vacuum wavelength for light with frequency ω.
If the region of the gas exposed to the static electric field is of length 2L, then the power
















In the above equation, χ(3) is the nonlinear susceptibility mediating ESHG and ∆k is the
wave-vector mismatch between the fundamental and second harmonic beam. For a low den-
















where β is the first hyperpolarzability, γ is the second hyperpolarizability and ρ is the density
of the gas sample. For this experiment, β can be set to zero because both CS2 and N2 are
centrosymmetric molecules, simplifying equation (13) by only leaving γ as the dominant
hyperpolarizability.
Using equation (12) to determine the hyperpolarizability directly is possible but difficult
due to the complex integration across the gas sample of a function which depends on many





B for two different gases can be accurately obtained if the SHG signals are determined
under the same conditions so that the many experimental factors that must otherwise be
determined cancel out in the ratio [26]. In particular, the most important condition is that
the phase matching conditions for gas A and B are identical. In other words, ∆k has to be
made the same for both gases being used to determine the ratio.
The wave-vector mismatch is due to the dispersion of the refractive index of the gas inside
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the cell and is defined as
∆k = 2kω − k2ω, (14)
where ω denotes the fundamental frequency and kω is the wavevector of light determined by





The signal of the generated light is limited by dispersion and is enhanced by phase matching.
The coherence length, lc, for ESHG is determined by the refractive index dispersion and can
be defined as
lc = π/|2kω − k2ω|. (16)
The second harmonic wave generated by the fundamental beam at one end of the gas sample
of length lc will be π radians out of phase with the second harmonic generated at the opposite
end and the interference will be destructive. Any ESHG after this length will be increasingly
more out of phase and the interference will be destructive, leading to an oscillating signal
intensity with a period that is twice the coherence length. In order to combat the dispersion
effect [25], the gas is subjected to a spatially alternating dc field that is generated by a
periodic array of N electrode pairs. The ESHG signal is increased by a factor of N2 when
the coherence length in the gas is adjusted to match the longitudinal period of the electrode
array, the longitudinal period being the distance between successive pairs of electrodes.
The N2 variation of the signal with the number of electrode pairs is the most relevant
design parameter for this type of experiment. In order to obtain the best possible signal, one
would like to use an electrode array with a large number of periods, N , for the static field.
As described above, the length of one spatial period, lc, is controlled by the wave vector
mismatch between the fundamental and second harmonic beam. Combining equations (15)
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and, due to the proportionality between refractive index and density, we can conclude that
lc ∝ ρ−1, (18)
This implies that for a given array of period N with coherence length lc there is a phase-match
density, and consequently a phase-match pressure, at which the generated second harmonic
signal is maximized. In turn, this designates an experimental method in which we fill the
cell containing the periodic array with gas and vary the pressure in order to scan for the
maximum possible signal. By doing this one obtains information on both the phase-match
density and the peak intensity of ESHG at any given frequency while simultaneously making
the wave-vector mismatch for different gasses in the cell identical as required.
Returning to the discussion of making all conditions the same for different gases, an issue
becomes apparent when considering the dependence of the confocal parameter, z0, on the
refractive index of the sample. However, Shelton has shown the refractive index contributions



































Equipped with equations (19) and (20) obtaining the hyperpolarizability of CS2 for any
given frequency is a matter of accurately measuring the relevant variables listed in those
equations. Since the prescription requires a second gas to be used as a reference, N2 is
chosen due to its abundance and accurately determined hyperpolarizability using the same
method. The following subsections detail how each variable of equation (19) is determined
and how the periodic array used for phase-matching is chosen.
2.2 Inside the Cell
The first experimental design hurdle comes in choosing an array to place inside the gas cell
that generates an appropriate periodic static electric field. Equation (18) suggests something
seemingly harmless, but largely problematic in the context of using Carbon Disulfide. Since
the desire is to make a measurement in the gas phase a constraint becomes apparent in
the form of the vapor pressure of CS2 which is 360 Torr at room temperature. To further
complicate matters, Shelton and Mizrahi have shown that the phase-matching density is
directly proportional to the cube of the wavelength generating the second harmonic signal
[27]. Thus, the array for the experiment has to be chosen such that the phase-match pressure
at the largest wavelength of study does not exceed 360 Torr. These constraints, along with a
desire to ensure a careful scan of the peak signal, has led us to choose a periodic array that
has 82 pairs of cylindrical electrodes with 3.18 mm diameter and 5.08 mm spacing (center
to center) as depicted in figure 1. This array allows for phase matching in the 765–900 nm
laser wavelength range to occur at 100–300 Torr CS2 gas pressure.
Since there is an electric field being applied across the sample gas, attention has to
be given to the voltage applied in order to avoid breakdown. This voltage was generally
determined through trial and error, and for this experiment the array voltage varied between
1 to 3kV yielding ESHG photon count signals between 10 to 30 counts per second over the
chosen wavelength range for CS2. The reference gas, N2 had a larger breakdown voltage of
5kV, phase-match pressures around 4000 Torr, and signals in the 200 cps range.
12






















a) depicts the arrangement used in this specific experiment. b) depicts the arrangment used to
make a measurement at 1064 nm done prior to this experiment.
2.3 Outside the Cell
Accurately measuring the SHG light generated inside a cell requires the ability to control
the power, polarization and beam path. A measurement of the ESHG signal produced by a 1
Watt laser beam yields about 40 photons per second in a beam coaxial with the incident laser
beam. The optical design for a measurement then has to maximize and precisely measure
the ESHG signal while filtering out the 1017 times more intense fundamental light. For
measurements in the 765-900nm range, a tunable cw Ti:Sapphire laser (0.5-0.9 W output
power and <1 GHz bandwidth) is polarized by a Glan laser prism polarizer to be parallel to
the electric field generated inside a gas cell by an electrode array. The, now polarized, light
is weakly focused by a lens and a Schott RG645 glass filter is placed in order to filter out
any light of second harmonic frequency generated before the cell. The strength of the lens
is such that the diameter of the beam waist is about 200 µm centered inside the cell. This
corresponds to a confocal parameter z0 = 16 cm, which is close to half the length of the
electrode array allowing the light to pass cleanly through the cell.
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The entrance and exit windows of the cell are made of fused silica and are mounted on
seats with a 2 degree tilt. This tilt is designed to steer reflections of the beam away from
the beam path in order to avoid back coupling with the laser that would alter the power
in an uncontrollable fashion. Furthermore, the windows have an appreciable wedge of 0.2
degrees to avoid back-coupling and interference between the window surface reflections that
alter the intensity of the beam inside the cell. Although a deflection does occur due to the
difference in index of refraction and the wedges, the windows are mounted so as to have the
wedges anti-parallel to each other. This allows for the exit beam to be parallel to the original
direction and have no angular deflection.
After the cell, a mirror with high reflection coefficient for the fundamental frequency and
high transmission coefficient for the second harmonic frequency is placed in order to reflect
light from the fundamental beam away from the path. The remaining light is collimated by
a weak lens, and then passes through a double prism spectrometer. The prisms are placed
such that the angle of incidence between the filtered beam and the prism surface matches
Brewster’s angle. This allows for very high transmission of the polarized second harmonic
light while further deflecting fundamental light away from the beam path. Finally, the light
that makes it to the end of the spectrometer is further cleaned up by a band-pass filter and
detected by a photo-multiplier tube (PMT).
A measurement was made for 1064 nm prior to this experiment. That experiment was
done using the same method but different components from those described above. That
measurement will be included in the results and the schematic diagram of that experiment
is depicted in figure 1.
2.4 Making a Measurement
This section breaks down the process of getting a measurement of the hyperpolarizability. To
get a hyperpolarizability ratio result for CS2 and N2 at a given wavelength, the peak signal,
phase match pressure, temperature and array voltage must be recorded accurately. First, the
14
cell is filled with the sample gas to a pressure such that the ESHG signal is approximately
60-70% of the peak value; this corresponds to a starting pressure around 1-1.5% above phase
match pressure for both N2 and CS2. Depending on the gas and expected pressure, the array
voltage is applied and measured with a voltmeter to 0.01% uncertainty while a small leak is
introduced via a valve in the pressure manifold connected to the cell and vacuum pump. The
leak rate is set such that a scan across phase-match pressure lasts about 10 minutes and the
measured signal varies between its starting value to a maximum and back to around the same
starting value. The signal from the PMT is directly recorded by a computer in intervals of 10
seconds, and every 100 seconds the corresponding pressure, temperature and array voltage
are recorded. After a full scan is made, the signal collection is stopped by turning off the
leak and voltage, and the gas in the cell is evacuated to about 30 mTorr. After a 10 minute
cleaning of the cell by the vacuum pump, the reference gas is introduced to the cell and the
process is repeated.
Figure 2: Sample Plot of measurement at 820 nm
A graph of a typical measurement made for CS2 at 820 nm. The parabolic fit is included which
identifies the phase match pressure as the parameter ‘b’ and the maximum signal as the parameter
‘c’.
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Creating a scatterplot of collected signal versus recorded pressure reveals that the rela-
tionship is that of a sharply peaked curve. In order to extract the phase match pressure and
peak signal a parabolic fit of the form f = a(x− b)2 + c made to the data points that com-
pose the top 25% of the curve as shown in figure 2. The extracted phase match pressure and
average temperature for a scan are combined with the virial equation of state to determine




(1 +B(T )ρ+ C(T )ρ2 + ...) (21)
where ρ is the gas density in moles per cubic meter, P is the phase match pressure determined
by measurement, R is the universal gas constant and T is the average temperature during
measurement in Kelvin. B(T ) and C(T ) are known as the first and second virial coefficients,
respectively and for both gases, they are extracted from experimental results compiled by J.
H. Dymond and E. B. Smith [28]. These coefficients are calculated individually depending
on the average temperature of the gas during measurement and determine the gas densities
to less than 0.1% uncertainty. Table 2 lists the virial coefficients for both gases at various
temperatures used for interpolation. These tabulated values are fit to a quadratic polynomial
with temperature as the dependent variable; the relevant virial coefficient used in determining
the phase match density of a measurement is extracted by inserting the average temperature
during the scan. To evaluate the density, equation (21) is used recursively starting with
ρ = P/RT and stopping when the difference between the latest and previous value of ρ
differs by less than 0.01%. Furthermore, the gas refractive index is determined through
published refractive index data compiled from Landolt-Bornstein [29] for both Nitrogen gas




is, on average, about 1.0023. This results varies by about 0.05% and determines
that for measurements a correction of 0.2% is appropriate.
Doing this for both gases in the experiment allows for a calculation of the hyperpolar-
izability ratio; however, in making the measurements in the time scale described, the laser
16
Table 2: Experimental values used to interpolate Virial Coefficients
Virial Coefficients of CS2 Virial Coefficients of N2
Temperature (K) B(T) (10−6 m
3
mol ) Temperature (K) B(T) (10
−6 m3
mol ) C(T) (10
−12 m6
mol )
280 -930 ± 30 273.15 -10.28 ± 0.17 1455 ± 75
290 -862 ± 30 283.15 -8.03 ± 0.17 1442 ± 75
300 -796 ± 25 293.15 -5.94 ± 0.17 1429 ± 75
310 -740 ± 20 303.15 -4.02 ± 0.17 1417 ± 75
325 -666 ± 15 313.15 -2.22 ± 0.17 1406 ± 75
power is not constant and slowly drifts by around 2%. This drift can be accounted for by
making measurements in a set of triplets (ABA) such that the reference gas (N2) measure-
ment occurs immediately before and after a measurement of CS2. Hyperpolarizability ratios
are determined by dividing the sample signal by the average of the two reference signals
that sandwich it. This allows us to obtain multiple measurements at a given wavelength by
alternating measurements in the form of (ABABABA...) and averaging the individual triplet
results after calculating the ratios.
Due to how the densities, voltages and indices of refractions are determined, their con-
tribution to the uncertainty of the hyperpolarizability ratio is very small (< 0.1%). On the
other hand, the uncertainty of the measured peak signal is largely dependent on the number
of photons detected at the PMT. Photons that enter the detector will randomly be converted
into electrons depending on the quantum efficiency of the PMT. This causes fluctuations in
measurements of the number of photons known as shot noise. Shot noise can be described
in terms of counting statistics, and this implies that the uncertainty in a measurement of M
photons is at best sqrt(M). In particular, this experiment collects over 100,000 counts when
determining the peak position of a nitrogen measurement which implies an uncertainty of
around 316 counts or 0.3% uncertainty. For any given measurement of CS2, the number of
counts that contribute to the peak position is at most 15,000 counts which implies an uncer-
tainty of around 0.8%. Clearly the largest contributions to the uncertainty are those of shot
noise, and most notably, they are those that come from the very small SHG signal detected
for CS2. By averaging the results of many triplets, the total uncertainty for a measurement
17
is reduced and in this experiment these uncertainties range from 0.4% to 0.6% with a range
of 3-12 triplets contributing to a result.
18
3 Results and Analysis
This chapter will be separated into three parts. The first part covers the determination of
the hyperpolarizability values for carbon disulfide using the dispersion curve previously de-
termined for the reference gas. The second part will analyze the dispersion predicted by
theoretical calculations and apply the results to the hyperpolarizability dispersion measured
in this work. Finally, the individual results from other experiments and theoretical calcula-
tions will be compared to the experimental CS2 hyperpolarizability dispersion.
3.1 Obtaining the electronic hyperpolarizability
Using the measured hyperpolarizability ratios γCS2/γN2 for the wavelengths 765-1064 nm,
the total average hyperpolarizability γCS2 can be extracted if we know the values for γN2 .
Fortunately, the hyperpolarizability of nitrogen gas has been studied with the ESHG method








where ν2L = 6ν
2. Since we will be making comparisons later with theoretical results, γ will
be expressed in terms of atomic units (1 au = 6.235377 × 10−65 C4m4J−3) while expressing
νL in terms of cm
−1. Thus, the coefficients for equation (22) are γe0,N2 = 917.35 au, A =
1.003×10−10 cm2, B = 1.852×10−20 cm4, G = −3.544×108 au·cm2, and H = −1.668×10−15
au·cm4. These results are determined via the same method of ESHG where helium is used
as a reference standard and whose accuracy is determined in the literature via ab initio
calculations with uncertainties around 0.02%.
Using the frequencies studied in this experiment in equation (22) and then multiplying
by the corresponding hyperpolarizability ratio yields the distribution of hyperpolarizability
values for carbon disulfide. Notably, the uncertainty for the γN2 dispersion is given to be
0.2%; this can be accounted for and included in the final result by a quadratic addition with
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Table 3: Experimental results for CS2
λ (nm) ν(cm−1) ρN2/ρCS2 γCS2/γN2 γCS2(10
3 au) γeCS2(10
3 au)
1064 9395 19.50±0.02 15.59±0.02 15.07±0.04 15.17±0.04
900 11111.1 20.24±0.02 16.46±0.06 16.33±0.07 16.43±0.07
880 11363.4 20.39±0.02 16.65±0.06 16.58±0.07 16.68±0.07
860 11627.9 20.66±0.02 16.71±0.08 16.71±0.09 16.81±0.09
840 11904.8 20.78±0.02 17.00±0.08 17.09±0.09 17.19±0.09
820 12195.3 21.00±0.02 17.24±0.08 17.43±0.09 17.53±0.09
810 12345.1 21.13±0.02 17.27±0.09 17.50±0.09 17.60±0.09
800 12500.0 21.26±0.02 17.41±0.04 17.69±0.05 17.79±0.05
790 12658.1 21.41±0.02 17.39±0.06 17.73±0.07 17.83±0.07
780 12820.5 21.51±0.02 17.43±0.07 17.82±0.08 17.92±0.08
765 13071.9 21.73±0.02 17.73±0.09 18.21±0.10 18.31±0.10
This table contains the original hyperpolarizability ratios extracted from the present experiment
and the carbon disulfide hyperpolarizability values determined by the method described in the text.
The right-most column is the pure electronic γe distribution obtained by subtracting the vibrational
contribution γv as explained in the text.
the percent uncertainty of
γCS2
γN2
. These results are shown in Table 3 above, and a plot of
these values with ν2L as the independent variable in Figure 3 shows the strong dispersion of
the total hyperpolarizability.
In order to make comparisons between different theoretical calculations and experimental
determinations, there is a necessity to separate the vibrational and electronic contributions
from the above hyperpolarizability data. The approach employed to make this separation
is described in detail by Bishop [30] and gives a formulation of the vibrational hyperpo-
larizability in terms of explicit quantum mechanical transition tensors that are controlled
by the frequencies of the applied electric fields on the molecule. In general, the vibrational
component of the second hyperpolarizability, γv, is given by

































×[(νk + νσ)−1(νl + ν2 + ν3)−1 + (νk − νσ)−1(νl − ν2 − ν3)−1]




















×(νk − νσ)−1(νl − ν3)−1(νl + ν2)−1]
(27)
are known as electronic response tensors.
For these terms, νk, νl, νm are vibrational frequencies and (µα)0k, (ααβ)0k and (βαβγ)0k
are transition dipole, polarizability and first hyperpolarizability respectively. The operation∑
P−σ,1,2,3 indicates that the equation is a sum of permutations of the active frequencies
ν1, ν2, ν3 and νσ = ν1 + ν2 + ν3; this is the sum of 24 terms. Note that the summations
over the indices k, l, and m do not include the ground state in the operation. The details of
the individual tensors involved is nuanced and beyond the scope of this thesis; on the other
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hand, an observation of the frequency terms and their permutation allows us to develop
approximations of the vibrational contributions for different processes at frequencies far
from vibrational resonance.
The approximation we will be employing is the infinite-frequency approximation which
treats optical frequencies as infinite (as compared to vibrational frequencies) in equations
(24)-(27), so only terms with frequency denominators where the optical frequencies sum to
zero survive [30, 31]. These values are given in relation to the static vibrational hyperpolar-
izability
γv(0; 0, 0, 0) = [α2]ν=0 + [µβ]ν=0 + [µ
2α]ν=0 + [µ
4]ν=0 (28)
and evaluated for four different common nonlinear processes; namely, the Kerr effect, electric-
field-induced second harmonic generation, third harmonic generation, and degenerate four
wave mixing. The results for the mentioned processes are as follows,
KERR:
















[γv(−3ν; ν, ν, ν)]ν→∞ = 0 (31)
DFWM:




The zero frequency values for the square bracket terms are obtained via ab initio calculation.
In the case of ESHG for CS2, Benoit Champagne has evaluated [µ̄β]ν=0 to be equal to -398 au
using a Moller-Plesset scheme [12]. Applying this theoretical result to the infinite-frequency
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Figure 3: Plot of the measured hyperpolarizability of CS2
The open circles are the total hyperpolarizability results extracted from the experiment, while
the filled circles are the rsults after subtracting the small vibrational contribution. This graph
demonstrates that the dispersion is large compared to the error bars, so the slope can be accurately
determined.
approximation result above determines that
[γv(−2ν; ν, ν, 0)]ν→∞ = −99 au. (33)
This suggests that the step necessary to obtain a pure electronic dispersion based on the
hyperpolarizability dispersion determined by this experiment is done simply by subtracting
-99 au from all results. The corrected pure electronic distribution γe for CS2 is displayed in
figure 3.
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3.2 Dispersion equation determined for carbon disulfide
By observing figure 3, one can see that the individual points fluctuate noticeably around an








L + ...), (34)
gives A with a reasonable uncertainty but gives results for the higher order terms with
uncertainties much larger than the value of each parameter. This is due to the curvature of
the dispersion being smaller than the fluctuation of the measured points. In order to obtain
an accurate determination at zero frequency, constraints must be placed on the higher order
terms. These constraints can be obtained from theoretical dispersion calculations.
A theoretical dispersion for carbon disulfide has been determined using the time-depend-
ent Hartree-Fock method (TDHF) [14]. In this determination, several values for the elec-
tronic hyperpolarizability of carbon disulfide are given for four different nonlinear optical
processes: the dc Kerr effect (KERR), γv(−ν; ν, 0, 0), degenerate four wave mixing (DWFM),
γv(−ν; ν,−ν, ν), electric-field-induced second harmonic generation (ESHG), γv(−2ν; ν, ν, 0),
and third harmonic generation (THG), γv(−3ν; ν, ν, ν). By plotting these values against ν2L,
where ν2L = 2ν
2, 4ν2, 6ν2, 12ν2 for KERR, DFWM, ESHG, and THG respectively, it can be
seen that the values fall on a single curve as theoretically predicted [22–24]. The calculated
values can be fit to the model given by eq. (34) and it was found that the fit for the theoretical












where γe0 = γ0,HF = 11377 au, A = AHF = 3.531 × 10−10 cm2, B = BHF = 5.22 × 10−20
cm4, C = CHF = 2.68 × 10−31 cm6, and D = DHF = 1.071 × 10−38 cm8. The TDHF values
with the above fit are shown in figure 4.
Returning to the experimental data, the range of the measurements is clearly wide enough
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Figure 4: TDHF dispersion of CS2
The plot above shows the dispersion calculated by Ohta along with the fit described in the text.
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to determine a slope but not the curvature. Equation (35) has been fit to the experimental
values with γe0 and A as adjustable parameters, and the constraints B = BHF , C = CHF ,
D = DHF with the result
γe0 = 12258± 93 au (36)
A = (3.58± 0.12) × 10−10 cm2. (37)
It is immediately noticeable that the value for A differs by only about 1% from the TDHF
result AHF . Furthermore, evaluating the result of the experimental curve for frequencies
within the experimental range (for example, ν2L = 7 × 108 cm−2) shows that the contri-
butions from the terms controlled by the curvature (B,C, and D) are at most 2% of the
hyperpolarizability value. These small contributions from the portions determined from the
theoretical constraints give credence to the fit being an accurate experimental determina-
tion of the hyperpolarizability dispersion. The result γe0 = 12258± 93(= 0.7%) au from this
fit is the best experimental estimate of γe0 and gives γ
e with 0.3% uncertainty within the
experimental range. With this being done, the electronic hyperpolarizability dispersion of
CS2 has been determined and what remains is to bridge the gap between other theoretical
calculations and experimental results. Figure 5 shows the final results of this analysis as a
plot of both the TDHF values and the experimental values with their respective fits.
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Figure 5: Graph of analyzed results with other theoretical and experimental re-
sults
Experimental and theoretical electronic hyperpolarizability results for CS2 are plotted versus ν
2
L
The lower curve is Eq. (35) fit to the theoretical results from TDHF calculations for KERR (up
triangles), DFWM (down triangles), ESHG (circles), and THG (squares). The upper curve is a
scaled Eq. (35) fit to the experimental ESHG results (filled circles). Theoretical calculations done
at zero frequency are also plotted as open diamonds. The open diamonds with error bars are
vibrationally corrected results extracted from beam deflection experiments [8, 16–18]. The open
circle with error bar is the early ESHG result [11] corrected as discussed in the text.
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3.3 Comparisons to other calculations and experiments
The first comparison that will be made is to theoretical results for the static hyperpolariz-
ability of CS2. The theoretical values are plotted in figure 6 and tabulated for convenience in
table 4. Figure 6 shows that the values at zero frequency are bounded above by Ohta et al.’s
best CCSD(T) [14] calculation and bounded below by the SCF calculation performed by G.
Maroulis [13]. The results of this experiment land within 4% of the most recent theoretical
calculations [15].
Figure 6: Graph containing several zero frequency γ calculations compared to the
ESHG result.
The individual results all land outside the 0.7% error bar determined by this experiment;
however, the calculation at the lowest level of theory (TDHF) is within 10% of the exper-
imental result. The most complex calculation is that of CCSD(T) and it overestimates the
static hyperpolarizability by more than 15% whereas slightly weaker calculations like CCSD
and MP2 are closer by a factor of three. This could be an indication that convergence is not
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Table 4: List of theoretical results compared to this experiment
Investigator(s) Method Value (au) Reference
Ohta et al. CCSD(T) 14700 [14]
Fernandez ESHG experiment 12558 This work
Champagne MP2 12258 [12]
Li et al. CCSD 12010 [15]
Ohta et al. TDHF 11377 [14]
G. Maroulis SCF 10520 [13]
monotonic with level of correlation calculation. The SCF and TDHF calculations use a wave
function which is an antisymmetrical product of single electron spin orbitals, whereas the
other calculations use a wavefunction that includes effects of electron correlation.
Next, the results for γeCS2 from recent beam deflection experiments by Reichert et al. [8,
16–18] will be considered. The beam deflection experiments are governed by γ(−ν2; ν1,−ν1, ν2)
for the ac Kerr effect, very similar to the hyperpolarizabilty for DFWM. In this type of ex-
periment, the hyperpolarizability is determined by measuring the angular deflection of a
probe beam ν2 passing through a sample of CS2 that occurs when an overlapping pump
beam of frequency ν1 is pulsed onto that sample. The result of the gas phase beam deflection
experiment is
γgas(−950 nm; 1250 nm,−1250 nm, 950 nm) = (18.3± 3.9) × 103 au (38)
while the result of the liquid phase beam deflection experiment is
γliquid(−650 nm; 800 nm,−800 nm, 650 nm) = (16.4± 4.8) × 103 au. (39)
The frequency terms are given as the wavelengths reported in those experiments and can
easily be converted by taking the reciprocal of the value.
Like the experiment described in this thesis, the total hyperpolarizability for the beam
deflection experiment has both electronic and vibrational contributions, and the vibrational
contribution in the infinite-frequency approximation will be entirely due to [ᾱ2]ν=0, similar
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to Eq. (32) for DFWM. The result differs from that for DFWM because only one of the
frequency combinations ν1−ν1, ν1+ν2 and−ν1+ν2 is equal to zero when ν1 6= ν2 whereas, two
of those combinations are equal to zero when ν1 = ν2. The only vibrational mode contribution
for the centro-symmetric linear CS2 molecule is the symmetric stretching vibration, so the
exact frequency dependence for the alpha-squared vibrational contibution for CS2 is the
same as that previously derived for a homonuclear diatomic molecule [20]. The expression
was previously applied to calculate the vibrational hyperpolarizability contribution for CO2
[20, 32]. To apply this analysis to this experiment, we need the Raman-active symmetric
stretching vibration frequency of CS2 given as ν01 = 658 cm
−1
The fraction f that multiplies [ᾱ2] to give the vibrational hyperpolarizability of CS2 in


















The value of f is 0.926/3 (0.904/3) for the gas (liquid) phase experiment, as compared to
2/3 for DFWM. Again, using the calculations of Champagne where [ᾱ2]ν→0 = 2578 au, the
vibrational contributions to subtract from the reported values are given by
γvgas = [ᾱ
2]ν=0 × f = 796 au (41)
and
γvliquid = [ᾱ
2]ν=0 × f = 812 au. (42)
This yields results of γegas = (17.5 ± 3.9) × 103 au and γeliquid = (15.6 ± 4.8) × 103 au
which land at generalized frequency values ν2L = 3.5 × 108 cm−2 and ν2L = 7.9 × 108 cm−2
respectively. These results are plotted on figure 5 and are in agreement with the dispersion
curve determined by the present experiment.
The dc Kerr result γ = (114±10)×103 au at ν2L = 5.0×108 cm−2 from Bogaard et al. is
the only other gas phase measurement for CS2 and it disagrees with all other experimental
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results and calculations, but this result may be unreliable since a long extrapolation to T−1
= 0 is required to extract the small gamma contribution in this experiment [10]. This KERR
result is not visible in figure 5 because it is about 10 times larger than any of the presented
results. Also, the early liquid phase ESHG result γLB = (38± 6) × 103 au at ν2L = 5.3 × 108
cm−2 from Levine and Bethea seems to disagree with the experimental dispersion curve and
all other values [11]. On the other hand, this could be an inconsistency in the conventions
used to express the result of the experiment and an uncertainty in the calibration standard
used. In the liquid ESHG experiment, the authors designated a relationship between γSHG
produced by ESHG to a generalized γ meant for comparison between experiments. The





so, extraction of γ requires division of the result mentioned earlier by 3
2
. Furthermore, the
determination of γ for liquid CS2 is similar to that of this experiment in the sense that a ratio
of CS2 and a reference material is used for calculation. The material used in that experiment
is quartz and the value of interest is the second harmonic coefficient
d11,1975(quartz) = 0.8 × 10−9 esu. (44)
This value has changed since this experiment and an up-to-date value has been determined
to be [33]
d11,1996(quartz) = 0.72 × 10−9 esu = 0.30 pm/V. (45)
The ratio of the new value to the old value is 0.9 and represents a correction that must be
applied to the reported value γLB. Combining the two described corrections a new value γLB*
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] × (0.9) = (23± 4) × 103 au. (46)
This new value is plotted in figure 5 and misses the curve determined in this thesis by about
twice the assigned error bar. This is not surprising considering this is one of the earliest
experiments on CS2 of this type.
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4 Conclusion
Using the method of electric-field-induced second harmonic generation with periodic phase
matching, the hyperpolarizability dispersion γe was determined with an uncertainty of 0.3%
at optical frequencies. The present results show that the older stated results should be disre-
garded. Furthermore, this dispersion has been shown to be consistent with recent measure-
ments of CS2 hyperpolarizability and provides a benchmark for theoretical calculations to
achieve. The hyperpolarizability for any other process can be predicted using the dispersion
equation determined in this thesis with confidence.
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[4] H. Purwar, S. Idlahcen, C. Rozé, D. Sedarsky, and J.-B. Blaisot, “Collinear, two-
color optical Kerr effect shutter for ultrafast time-resolved imaging”, Opt. Express 22,
15778–15790 (2014).
[5] A. S. Dhindsa, A. E. Underhill, S. Oliver, and S. Kershaw, “Third-order NLO properties
of metal complexes containing delocalised nitrogen donor ligands”, J. Mater. Chem. 5,
261–264 (1995).
[6] N. Li, J. Lu, Q. Xu, X. Xia, and L. Wang, “Synthesis and third-order NLO proper-
ties of polymethacrylates containing pendent azobenzene groups”, High Performance
Polymers 19, 356–367 (2007).
[7] M. Dotrong, R. Mehta, G. A. Balchin, R. C. Tomlinson, M. Sinsky, C. Y.-C. Lee, and
R. C. Evers, “Synthesis, processing, and third-order nonlinear optical properties of
benzobisthiazole polymers containing thiophene moieties”, Journal of Polymer Science
Part A: Polymer Chemistry 31, 723–729.
[8] M. Reichert, H. Hu, M. R. Ferdinandus, M. Seidel, P. Zhao, T. R. Ensley, D. Peceli,
J. M. Reed, D. A. Fishman, S. Webster, D. J. Hagan, and E. W. V. Stryland, “Tempo-
ral, spectral, and polarization dependence of the nonlinear optical response of carbon
disulfide”, Optica 1, 436–445 (2014).
34
[9] P. Zhao, M. Reichert, S. Benis, D. J. Hagan, and E. W. V. Stryland, “Temporal and
polarization dependence of the nonlinear optical response of solvents”, Optica 5, 583–
594 (2018).
[10] M. Bogaard, A. Buckingham, and G. Ritchie, “The temperature-dependence of electric
birefringence in gaseous benzene and carbon disulphide”, Molecular Physics 18, 575–
576 (1970).
[11] B. F. Levine and C. G. Bethea, “Second and third order hyperpolarizabilities of organic
molecules”, The Journal of Chemical Physics 63, 2666–2682 (1975).
[12] B. Champagne, “Ab initio determination of the nuclear relaxation contribution to
the second hyperpolarizability of carbon disulfide”, Chem. Phys. Lett. 287, 185–188
(1998).
[13] G. Maroulis, “Electric moments, polarizabilities and hyperpolarizabilities for carbon
disulfide (S=C=S) from accurate scf calculations”, Chem. Phys. Lett. 199, 250–256
(1992).
[14] K. Ohta, T. Sakaguchi, K. Kamada, and T. Fukumi, “Ab initio molecular orbital
calculations of the second hyperpolarizability of the carbon disulfide molecule: electron
correlation and frequency dispersion”, Chem. Phys. Lett. 274, 306–314 (1997).
[15] W. Li, W. Q. Tian, and X. Sun, “Understanding of nonlinear optical properties of CS2
from a microscopic viewpoint”, J. Chem. Phys. 137, 084315 (2012).
[16] M. Reichert, P. Zhao, J. M. Reed, T. R. Ensley, D. J. Hagan, and E. W. VanStryland,
“Beam deflection measurement of bound-electronic and rotational nonlinear refraction
in molecular gases”, Opt. Express 23, 22224–22237 (2015).
[17] M. Reichert, P. Zhao, J. M. Reed, T. R. Ensley, D. J. Hagan, and E. W. VanStryland,
“Beam deflection measurement of bound-electronic and rotational nonlinear refraction
in molecular gases: erratum”, Opt. Express 24, 19122 (2016).
35
[18] M. Reichert, H. Hu, M. R. Ferdinandus, M. Seidel, P. Zhao, T. R. Ensley, D. Peceli,
J. M. Reed, D. A. Fishman, S. Webster, D. J. Hagan, and E. W. VanStryland, “Tempo-
ral, spectral, and polarization dependence of the nonlinear optical response of carbon
disulfide: erratum”, Optica 3, 657–658 (2016).
[19] B. J. Orr and J. F. Ward, “Perturbation theory of the non-linear optical polarization
of an isolated system”, Mol. Phys. 20, 513–526 (1971).
[20] D. P. Shelton, “Vibrational contributions to the hyperpolarizabilities of homonuclear
diatomic molecules”, Mol. Phys. 60, 65–76 (1987).
[21] D. P. Shelton and J. E. Rice, “Measurements and calculations of the hyperpolarizabil-
ities of atoms and small molecules in the gas phase”, Chem. Rev. 94, 3–29 (1994).
[22] D. Shelton, “Hyperpolarizability dispersion measured for Kr and Xe”, The Journal of
chemical physics 84, 404–407 (1986).
[23] D. M. Bishop, “Dispersion formulas for certain nonlinear optical processes”, Phys.
Rev. Lett. 61, 322–324 (1988).
[24] D. M. Bishop and D. W. De Kee, “The frequency dependence of nonlinear optical
processes”, The Journal of Chemical Physics 104, 9876–9887 (1996).
[25] D. P. Shelton and A. D. Buckingham, “Optical second-harmonic generation in gases
with a low-power laser”, Phys. Rev. A 26, 2787–2798 (1982).
[26] D. P. Shelton, “Nonlinear-optical susceptibilities of gases measured at 1064 and 1319
nm”, Phys. Rev. A 42, 2578–2592 (1990).
[27] D. P. Shelton and V. Mizrahi, “Refractive-index dispersion of gases measured by optical
harmonic phase matching”, Phys. Rev. A 33, 72–76 (1986).
[28] J. P. O’Connell, “The virial coefficients of pure gases and mixtures. a critical compila-
tion (Dymond, J.H.; Smith, E.B.)”, Journal of Chemical Education 58, A246 (1981).
36
[29] T. Larsen, U. Cappeller, H. Stuart, and R. Küster, “Gase und dämpfe”, in Landolt-
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